We study the generation of the primordial curvature perturbation in multi-field inflation. Considering both the evolution of the perturbation during inflation and the effects generated at the end of inflation, we present a general formula for the curvature perturbation. We provide the analytic expressions of the power spectrum, spectral tilt and non-Gaussianity for the separable potentials of two inflaton scalars, and apply them to some specific models.
I. INTRODUCTION
The generation of the large scale structures and the anisotropy in the temperature of the cosmic microwave background (CMB) suggests that there was already small inhomogeneity in the early Universe, a few Hubble times before the observable scale enters the horizon. The time-independent curvature perturbation ζ sets the initial conditions for such inhomogeneity and the subsequent evolution of all the scalar perturbations. The resulting power spectrum and the spectral tilt of the primordial curvature perturbation are almost Gaussian, and so scale-independent with the size of P ζ = 2.43 × 10 −9 [1] . The perturbations necessary for the inhomogeneity can arise naturally from the vacuum fluctuations of light scalar field(s) during inflation and be promoted to classical one around the time of the horizon exit. In the single field inflation with the canonical kinetic term, the curvature perturbations produced at the horizon crossing are conserved after that and can explain the primordial curvature perturbation necessary for the observation.
Inflation with multiple scalar fields [2, 3] , however, can admit quite different inflationary dynamics and spectra of the primordial perturbations, which is impossible in single field inflationary models. The presence of multiple field induces non-adiabatic field perturbations and the evolution of the overall curvature perturbations during inflation, possibly leading to detectable non-Gaussianity [4] . The evolution of the curvature perturbation continues until the non-adiabatic perturbation is converted to the adiabatic one. The conversion must be completed before the cosmologically relevant scales enter the horizon again in the deep radiation-dominated era after inflation, and thus we need to track the evolution of the curvature perturbation until it becomes frozen.
The other dominant component of the curvature perturbation in the multi-field inflation is generated at the transition between inflation and non-inflation phase [5] , which cannot happen in the single field inflation. In the single component inflation, the inflationary trajectory is unique and the inflation ends when the inflaton field ϕ has a value ϕ e , which is controlled entirely by the inflation and independent of the position. With additional scalar fields, however, the trajectory is in the multi-dimensional field space and the inflation ends with different field values. Then the field values of the inflatons depend on the positions and the field space at the end of inflation is not in the uniform energy density any more. The relative differences of ending inflation make additional differences in the e-folding number and contribute to the curvature perturbations at the end of inflation.
A simple example of generating the curvature perturbation at the end of inflation is the hybrid inflation with sudden-end approximation [5, 6] . In this case, the end of inflation occurs suddenly by the dynamics of waterfall fields, and the observable large non-Gaussianity can be generated. The realization in the string theory was considered in [6] . A specific analytic calculation was done for two-component hybrid inflations in Ref. [7] [8] [9] with an exponential potential, and they also found that large non-Gaussianity is possible for certain conditions at the end of inflation. The more general calculation was attempted in Ref. [10] for two-field hybrid inflation. They studied the generation of large non-Gaussianity both during the inflation and at the end of inflation. They found that the end condition of inflation can change the pre-existing large non-Gaussianity severely by changing the sign or the magnitude.
The generation of curvature perturbation can be understood geometrically. In [11] , for simplicity, the straight trajectory was considered and the relation between the nonGaussianity and the geometrical properties for the hyper-surface of the end of inflation were studied. The generation of the primordial statistical anisotropy at the end of inflation was also considered in [12] and [13] .
Both the evolution of the curvature perturbation during inflation and the contribution at the end of inflation are the general properties in multi-field inflation models. To get the correct curvature perturbation after inflation, it is necessary to consider both of them in a consistent way. In this paper, we propose the general formula for the curvature perturbation after the end of inflation, considering both effects in the case of the separable potentials by product or sum. Here we will use δN formalism and provide analytic formulae for the power spectrum, spectral index and non-Gaussianity parameters.
This paper is organized as follows. In Section II, we present the basic formulae, and in Section III we describe the background for our calculation and provide the analytic formulae for curvature perturbation. They are our main results. In Section IV, we apply the formulae derived in the previous section to calculate the power spectrum and non-linearity parameters in the several models and conclude in Section V.
II. BACKGROUND THEORY
We consider an inflationary scenario implemented by multi-inflaton scalars φ 1 , φ 2 , · · · , φ n (≡ φ I ) with the canonical kinetic terms and the potential W (φ 1 , φ 2 , · · · , φ n ). The classical background of the Universe are governed by the Friedmann equation and the equations of motion for the inflaton fields. In the slow-roll regime, the Friedmann and field equations are approximately given by
The slow-roll parameters are defined as
The curvature perturbation ζ on super horizon scales can be evaluated using δN-formalism [14] [15] [16] [17] , which is the perturbation of the e-folding number N defined as
It is evaluated from an initial flat hypersurface at t = t * to a final uniform density hypersurface at t = t c . Here we take t * as the time of the horizon exit of the relevant scale during inflation and t c as some time later after inflation. Then the number of e-foldings N can be a function of the field configuration φ I (t * , x) on the flat hypersurface at t = t * and the time of t c . Then the perturbation of the number of e-foldings δN(t c , t * , x) can be expanded in terms of the field perturbations δφ I (t * , x). The curvature perturbation is given by
up to quadratic terms, where the first and second derivatives are
Here we assumed the slow-roll conditions and ignored the possible dependence on their first time derivativesφ I (t). The field perturbations δφ I * satisfy the two-point correlation function,
where H * is evaluated at Hubble exit, k = aH. The power spectrum of the curvature perturbation ζ, P ζ , and the bispectrum B ζ are defined as
Observational limits are usually put on the non-linearity parameter f NL , which is defined by [18] f NL = 5 6
Using Eq. (5), one obtains the power spectrum of the curvature perturbation as
From this we can define the observable quantities, the spectral index and the tensor-to-scalar ratio:
where
is the power spectrum of the tensor metric fluctuations. The non-linearity parameter f NL is given by [19] f NL = 5 6
In Eq. (4), the final time can be identified as the end of inflation, if the field values at the end of inflation are on the uniform energy density hypersurface. In multi-field inflation, however, that does not happen in general; the inflation ends at slightly different times in different places. This inhomogeneous end of inflation can generate curvature perturbation additionally [5] . To include the effect from the end of inflation, we extend the final time t c to sometime in the deep radiation dominated era after inflation, while we denote t e as the time at the end of inflation. Thus, the e-folding number has the two contributions; one is from inflation phase N e (t * , t e ) and the other from radiation phase N c (t e , t c ),
Here, we take into account a sudden change from the inflation phase to the radiation era. The change in the e-folding number during the radiation dominated era between t e and t c is given by [10] 
where W e is the potential energy as a function of the field values at the end of inflation and W c is the energy density at a time t c during the radiation dominated era, which is uniform in space. Thus, δN has the two contributions from the inflation and radiation epochs,
with
Here δN c depends only on the epoch at the transition between inflation and radiation; it does not depend on the final time. The reason is manifest since the curvature perturbation is conserved in the radiation dominated era [17] .
Using the slow-roll parameters, Eq. (3), δN c becomes
where the superscript e denote the values evaluated at the end of inflation t = t e . As we will see later, δN c is suppressed compared to δN e by the slow-roll parameters.
III. CURVATURE PERTURBATION GENERATED DURING AND AT THE END OF INFLATION
In this section, we will discuss the contribution to curvature perturbation from inflationary era δN e and δN c in Eq. (17) with general condition of ending inflation. We attempt to get analytic formulae for the power spectrum (P ζ ), the spectral index (n ζ ), and the nonlinearity parameter (f N L ) particularly in the cases that the inflaton potential is given by the product,
. Since these forms of the potentials cover the large class of inflation models, the analytic expressions for P ζ , n ζ , and f N L would be very useful.
In this subsection, we consider the case of a separable potential by product,
First, we derive the curvature perturbation, and then from this we obtain the analytic formulae for the power spectrum P ζ and the non-linear parameter f NL . We assume the slow-roll during inflation. From Eq. (3), the slow-roll parameters are given by
and supposed to be small. The number of e-foldings with the potential in Eq. (20) in the slow-roll regime is given by [20] N e (ϕ * , χ
The integrals in Eq. (23) depend on both field values at horizon crossing (ϕ * and χ * ) and at the end of inflation (ϕ e and χ e ). Note that ϕ e and χ e also depend on the initial field values, ϕ * and χ * along the given trajectory. The differentiation of the number of e-foldings dN e is given by
The derivatives of the final field values with respect to the initial field values also depend on the condition of the fields at the end of inflation. Here we suppose that the inflation ends when the fields satisfy the condition given by E(ϕ e , χ e ) = a constant.
This is different from that used in the previous analyses in Ref. [20, 21] , where the uniform energy density hypersurface is simply employed at the end of inflation.
With the condition Eq. (25) 
where the superscript (or subscript) e and * denote the values evaluated at the end of inflation and horizon crossing, respectively. Throughout this paper it should be understood that there is additional factor of sign(U ϕ ) or sign(V χ ) whenever square root appears. We note that there is an additional factor R, which contains the information about the condition of ending inflation Eq. (25) . In Eq. (26), R and ǫ are defined by
with E ϕ ≡ ∂E/∂ϕ e and E χ ≡ ∂E/∂χ e . Hence, if the condition for the end of inflation is given by the uniform energy condition, E(ϕ e , χ e ) = W (ϕ e , χ e ) = a constant, then E ϕ and E χ are given by V U ϕ | e and UV χ | e , respectively, which makes R the unity. Note that R can be a negative as well as positive value, and so ǫ e has possibly a vanishing limit. Using Eq. (24) and Eq. (26), we find the first derivatives of e-folding number N(t e , t * ) with respect to the fields,
where we defined
which are evaluated at the end of inflation. Based on the first derivatives Eq. (28), we can find the second derivatives,
where 
The other contribution to ζ coming from δN c can be obtained from Eq. (19) using Eq. (26),
We note that this contribution disappears with R = 1. It means that the hypersurface of the end of inflation coincides with the uniform energy density hypersurface. At the leading order the curvature perturbation is
We find that the contribution from δN c is suppressed by another slow-roll parameters in general except some extreme cases of very large or small R. Ignoring δN c , the curvature perturbation is determined solely by the contribution from the inflation epoch, ζ ≃ δN e . In this case, the power spectrum Eq. (11) is given by
and the spectral index n ζ and the tensor-to-scalr ratio r are, respectively, given by
Note that the forms of P ζ and f NL are the same as those in Ref. [21] , but the definitions of u, v and A P are different from those in Ref. [21] , which contain the informations about the end of inflation. We will find the new features from the special ending of inflation in the next section.
B. Separable potential by sum
In this subsection we consider a separable potential by sum [22] ;
We keep the general condition for the end of inflaiton Eq. (25) . The slow-roll parameters are given by
In the slow-roll limit the number of e-foldings is
and its absolute derivative is given by
The field derivative terms at t 
Similar to Eq. (27), R and ǫ are defined by
for the sum potential. Hence, if the condition for the end of inflation is given by the uniform energy density condition, E(ϕ e , χ e ) = W (ϕ e , χ e ) = a costant, then E ϕ = U ϕ | e and E χ = V χ | e . So R becomes again the unity. Using these equaions, the first derivatives of the e-folding number with respect to the two inflaton fields at horizon exit are given by
The second derivatives are given by
where A S is defend as 
The derivatives of Z e can be re-written as
The contribution from the radiation dominated phase, δN c can be evaluated from Eq. (19) :
We note that δN c has one more slow-roll parameter in the numerator than δN e and so suppressed.
In the case of δN e ≫ δN c , the curvature perturbation ζ ≃ δN e and the power spectrum is
and spectral index and tensor-to-scalar ratio are
The non-linear parameter is given by
These obervables are again of the same form as in Ref. [22] for the sum potential. However, we note again that the definitions of parameters are different and contains the effects from the end of inflation.
C. Large non-Gaussianity generated during and at the end of inflation
In multiple scalar field inflation models, the large non-Gaussiniaty can be generated during inflation and the conditions for that has been studied by Byrnes, Choi and Hall [4] with applications to the multiple hybrid inflation in Ref. [10] . More general cases were studied, in the models beyond slow-roll in [23] and in the general n-field inflation models in [24] . Other studies on the non-Gaussianiy generated during inflation can be found in [25] [26] [27] [28] [29] [30] [31] .
Basically, the necessary condition for large non-Gaussianity to be generated during the inflation is that one of the slow-roll parameters at the horizon exit is very small and it increases with time [4] . As discussed in [4] , for inflation with two scalars ϕ and χ, only if
, the non-linearity parameter f NL can be large. That is to say, large non-Gaussianity is possible by a small slow-roll parameter ǫ ϕ or ǫ χ at the horizon crossing. For the product potential, for instance, this limit implies that u ≪ 1 and v ≃ 1 so that η ϕϕ * /ǫ * ϕ term dominate and A p ≃ −u η e ϕϕ . Accordingly,
The sign of f NL is determined by the sign of −η * ϕϕ + 2η e ϕϕ for the case of ǫ * ϕ ≪ ǫ * χ . However, this result is valid only when R is the unity, i.e. the hypersurface of the end of inflation is not very different from the uniform energy density hypersurface, as in the models of Refs. [32] .
In a large class of multi-field inflation models, however, the hypersurface at the end of inflation can be quite different from that of the uniform energy density. In these cases there could be another possibility for large non-Gaussianity: the non-linearity parameter f NL can be large by the ending effect of inflation.
(a) From the similarity of the forms of f NL without the end effect given in the Ref. [4] and f NL with end effect in Eq. (36) and in Eq. (55), we can infer the conditions for large f NL in the case of R = 1 including the end effect. Using the arguments in the previous paragraph, for small ǫ * ϕ , the condition for large f NL is ǫ * ϕ ≪ |R|ǫ e ϕ ≪ ǫ * χ ≪ 1, therefore u ≪ 1. The new effect comes in with R at the end of inflation. Now there is no need for ǫ ϕ to increase upto the end of inflation. Instead, the condition ǫ * ϕ ≪ |R|ǫ e ϕ should be satisfied by a relatively large |R|. In this case, large non-linearity parameter approximately becomes
if ∂ ϕ R and ∂ χ R are suppressed enough. The similar expression holds also for small ǫ * χ with small |R|. In this case, the required condition is ǫ *
In the limit of R → ∞ (or 0),ū (orv) approach to the unity, whilev (orū) vanish. If ∂ ϕ R and ∂ χ R are not divergent and ǫ * ϕ and ǫ * χ are not hierarchical, f NL becomes just of order ǫ * ϕ or ǫ * χ in this limit, which is quite suppressed. However, a large
for M P = 1. In this case, a large f NL is generated only by the end effect of inflation. We will discuss a specific example later. (c) As pointed earlier, R can be negative and so ǫ e has a vanishing limit. It opens a new possibility for large non-Gaussianity. Consider the case that ǫ e in Eqs. (27) and (43) is extremely small,
where ε is assumed to be very small (≪ ǫ * ϕ,χ , ǫ e ϕ,χ ). Note that the parameters appearing in the definition of ǫ e are all associated with the field values at the end of inflation. Under the limit of ǫ e → ε or ǫ 3 ) in this limit, the third terms in Eqs. (36) and (55) become dominant in f NL , and so the large non-linearity parameter f NL becomes also divergent as O(1/ε). In this case f NL is approximately
setting M P = 1.
IV. APPLICATION
In this section we apply our results obtained in the previous section to the several specific models.
A. Generating curvature perturbation at the end of inflation As a simple example, let us discuss a scenario in which one field φ drives the inflation, while the other σ is negligible during inflation, since its potential is so flat to make practically no effect on the inflation trajectory. During inflation the potential is, hence, W (φ, σ) ≃ U(φ). More specific potentials are given in [5, 6, 25] .
Inflation ends when inflaton field φ has a certain value φ e . However the φ e depends on the field σ. Since φ e (σ) would depend on the position through the perturbation δσ(x), curvature perturbation should have an additional contribution ζ e coming from the end effect as well as the pre-existing perturbation by the inflaton field ζ φ .
The σ field does not move during inflation, σ e ≃ σ * , and ǫ σ → 0 since its potential is so flat. As the condition of the fields at the end of inflation, we use E(φ e , σ e ) = E(φ e , σ * ) = a constant from Eq. (25) .
For this case, Eq. (26) 
and
Here we can see that v → 0 and R → 0. It is easy to find the first derivatives of e-folding number,
where the small value of ǫ σ was canceled and disappeared. The second derivatives are given as
The curvature perturbation δN e can be determined by the two contributions: one is ζ φ coming from the perturbation of inflaton field δφ and the other is ζ σ from δσ, i.e.
Here the first and second derivatives are given in Eqs. (63) and (64). Then the Power spectrum is given by
ζ σ can dominate ζ φ , when
For ζ σ ≫ ζ φ , the non-linearity parameter f NL becomes
Thus, a large f NL is possible when the second term is large. Note that it can be obtained from Eq. (58) using Eq. (62). Accordingly, it is classified to "(b)" discussed in the previous section.
B. Hybrid inflation with general ending
In this subsection we consider the hybrid-type inflation with two scalar fields φ 1 and φ 2 during inflation in addition to a waterfall field ψ. The hybrid inflation can be realized with the potential
where W 0 is given by
Here a mass term for ψ, G(φ 1 , φ 2 ), can take the form [8] ,
where g 1 and g 2 are dimensionless constants. During inflation when G(φ 1 , φ 2 ) is large enough compared to σ 2 , the waterfall field ψ is heavy and stuck to the origin, inflating the universe with the positive vacuum energy W 0 = σ 4 /4λ. When G becomes smaller than σ 2 , however, ψ rolls down to the true minimum (ψ 2 = σ 2 /λ), terminating inflation. Hence, G(φ 1 , φ 2 ) yields the condition for the end of inflation and can be identified as Eq. (25) introduced in the previous section. Identifying E = G, we find that
For a clear discussion, we consider the specific potential for W inf used in Refs. [8, 10, 25] , given by
For simplicity, throughout this subsection we set M P = 1 and drop the super-(sub- 
From E 1 = 2g
which is independent of φ 1 and φ 2 . Hence,
2 is a constant. For m 1 = m 2 (= m) and α = 0, thus, the power spectrum is given by
and the non-linear parameter f NL is
V. CONCLUSION
In this paper, we have obtained a formula for curvature perturbation in multi-field inflation models. The formula contains the contributions from the evolution of perturbation during inflation and also from the effect at the end of inflation. For clearness of discussion, we utilized the potentials separable by product or sum with two scalar fields, but it is manifest to extend our discussion to cases of more scalar fields. Using the derived expression for curvature perturbation, we could get the analytic formulae for the power spectrum, spectral index and non-linearity parameter. Especially we could find more possibilities for large non-Gaussianity f NL generated due to the effects by the end of inflation in addition to the generation during inflation. This formalism can be extended to accommodate more scenarios for the generation of curvature perturbation e.g. by the curvaton or modulated reheating [33] . 
VI. APPENDIX
In this Appendix we show that our formulae give the same results with those in two-brid inflation studied in Ref. [8] . The relevant potential is
where W 0 and W inf are given by
W inf (φ 1 , φ 2 ) = exp 1 2 m 
For simplicity, we set M P = 1 and drop the super-(and sub-)scripts "e" indicating end of inflation. Here the mass term for ψ, G(φ 1 , φ 2 ) can take the form [8] ,
where g 1 and g 2 are dimensionless constants. The condition for ending inflation is E(φ 1 , φ 2 ) = G(φ 1 , φ 2 ) = σ 2 . For comparison, we use the same notation X, Y, W and Z defined in Ref. [8] ,
(g 2 cosαcosγ − g 1 sinαsinγ) ≡ gσ g 1 g 2 X , φ 2 = σ g 1 g 2 (g 2 sinαcosγ + g 1 cosαsinγ) ≡ gσ g 1 g 2 Z , ∂ ∂γ X ≡ −Y , and ∂ ∂γ Z ≡ −W .
They satisfy 
Other useful relations are 
Using the equation of motion of the fields in the slow-roll limit, the field values at the horizon exit, φ * 1 and φ * 2 can be estimated by tracing back the field values at the end of inflation, φ 1 and φ 2 so as to achieve 55-65 e-folds: 
After some manipulations with the above relations, the δN e given by Eq. (28) and Eq. (30) is easily converted to give:
